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ABSTRACT 
A new critical plane-energy model is proposed in this thesis for multiaxial fatigue 
life prediction of homogeneous and heterogeneous materials. Brief review of existing 
methods, especially on the critical plane-based and energy-based methods, are given first. 
Special focus is on one critical plane approach which has been shown to work for both 
brittle and ductile metals. The key idea is to automatically change the critical plane 
orientation with respect to different materials and stress states. One potential drawback of 
the developed model is that it needs an empirical calibration parameter for non-
proportional multiaxial loadings since only the strain terms are used and the out-of-phase 
hardening cannot be considered. The energy-based model using the critical plane concept 
is proposed with help of the Mroz-Garud hardening rule to explicitly include the effect of 
non-proportional hardening under fatigue cyclic loadings. Thus, the empirical calibration 
for non-proportional loading is not needed since the out-of-phase hardening is naturally 
included in the stress calculation. The model predictions are compared with experimental 
data from open literature and it is shown the proposed model can work for both 
proportional and non-proportional loadings without the empirical calibration. Next, the 
model is extended for the fatigue analysis of heterogeneous materials integrating with 
finite element method. Fatigue crack initiation of representative volume of heterogeneous 
materials is analyzed using the developed critical plane-energy model and special focus is 
on the microstructure effect on the multiaxial fatigue life predictions. Several conclusions 
and future work is drawn based on the proposed study. 
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1. INTRODUCTION 
Multiaxial fatigue is a critical problem for many mechanical and structural 
components and accurate life prediction is important to ensure the long term integrity of 
these components. Extensive models have been proposed for the multiaxial fatigue life 
prediction in the past, especially during the past two decades. In general, the multiaxial 
fatigue models can be classified into four major categories: stress-based [1-4]energy-
based [5],[6], and fracture mechanics-based approaches [7]. Among them, the critical 
plane-based models are widely used due to their satisfactory prediction accuracy.  A 
holistic review and comparison of different multiaxial fatigue models is beyond the scope 
of this study and several review articles can be found elsewhere [8-11]. In the below brief 
review, only critical plane-based models and energy-based models are discussed as they 
are relevant to the proposed new model. 
The critical plane approach was originally proposed based on the observations 
that the fatigue crack nucleation occurs at the persistent slip bands, formed in some grains 
(crystals) of the materials. The planes are named critical plane and the stress (or strain) 
components on it are used for fatigue analysis. Many models assumes the maximum 
shear stress range plane as the critical plane and is most suitable for ductile [12-14]. 
Other models assumes the maximum normal stress range plane as the critical plane is 
mostly suitable for brittle [15-17]. If both failure modes occur and neither of them 
dominates in the experiments, the decision of choosing the appropriate model is hard to 
make. Several attempts trying to solve this issues have been proposed in the past. One 
successful approach is to let the critical plane changes its orientation for different failure 
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modes, i.e., along the maximum normal stress range plane for brittle materials and along 
the maximum shear stress range plane for ductile materials. The concept was initially 
done by an empirical function [18]. Liu and Mahadevan [19] proposed analytical solution 
for the critical plane orientation based on the material ductility. The concept was firstly 
applied using stress-based approach for high-cycle fatigue [19] and was later extended for 
low-cycle fatigue using the strain-based model [20]. Extensive model validations for this 
concept have been used for both brittle and ductile material at the material and 
component level. Since only the strain terms are used in the model [20] , it cannot include 
the out-of-phase hardening behavior in low-cycle fatigue. Under out-of-phase non-
proportional loadings, the principal stress and strain direction rotates during one cycle of 
loading. If plastic deformation occurs, it causes additional hardening of the material. Due 
to the additional hardening, the stress amplitude increases under the same applied strain 
amplitude for out-of-phase loading and thus reduces the fatigue life. Empirical calibration 
parameters are used [21], [20] to compensate for the out-of-phase hardening, which needs 
calibration for a few out-of-phase multiaxial fatigue tests. 
There are some methodologies to overcome the above-mentioned drawback for a 
pure strain-based multiaxial fatigue model. Socie [12] included a stress term on the 
critical plane to consider the additional hardening caused by the out-of-phase loading. 
The energy-based approach can consider this effect because the stress term is inherent in 
the energy expression. If the stress term is used, plasticity theory is required to predict 
stress response under non-proportional loading under general loading wave forms. In the 
open literature, many existing energy-based models are introduced by different authors. 
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Smith et al. [15] introduced a simple damage parameter (SWT) for uniaxial loading. 
Glinka et al.[14] proposed a damage parameter defined as a summation of normal energy 
density and shear energy density. Later, Glinka et al. [22] modified their own parameter 
by including the mean stress effect. Chen et al. [23] suggested using two different energy 
parameters for different failure modes. They defined maximum normal stress range plane 
for brittle failure mode and maximum shear stress range plane for ductile failure mode. 
Lee et al. [24] proposed an energy parameter expressed as a sum of elastic and plastic 
energy under fatigue cyclic loadings. There is no single energy-based model that can be 
applied to different failure modes. 
Based on the above review and discussion, the objectives of the proposed study is 
to develop an energy-based model integrating the Liu-Mahadevan critical plane concept. 
Thus, the developed model can be applied to a wide range of materials (both brittle and 
ductile) under both proportional and non-proportional loadings without calibration using 
additional out-of-phase multiaxial testing results. The chapter 2 is organized as follows. 
First, the critical plane-energy model is formulated and the model parameters are 
analytically derived. Following this, Mroz-Garud [25], [26] hardening rule is used to 
calculate the stress response under strain-based loading profiles and is integrated with the 
multiaxial fatigue model for life prediction. Next, several experimental data sets available 
from open literatures are used to validate the proposed new model. Both stress-strain 
responses and fatigue lives are compared between numerical simulations and 
experimental observations. Finally, discussions and conclusions are drawn based on the 
proposed study.  
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In Chapter 3, the proposed critical-plane fatigue model is extended to 
heterogeneous material considering microstructure effect. Microstructure effect makes 
fatigue process more complex. McDowell et al. [35] proposed a fatigue model that 
address the role of constrained microplasticity around debonded particles and is based on 
crack tip displacement rather than linear elastic fracture mechanics stress intensity factor 
at microstructure scale. Drastic difference in nucleation site sizes and influence of 
average secondary dendrite arm spacing and average grain size were studied to 
understand their effect to fatigue [34]. Przybyla [33] established relations between remote 
loading conditions and microstructure-scale slip behavior in terms of Fatigue Indicator 
Parameters (FIPs) as a function of stress amplitude, stress state and microstructure, 
featuring calibration of mean experimental responses for known microstructures. In 
chapter 3, typical three kinds of microstructure, which are porous material, hard particle 
material and soft particle material, are investigated with finite element method. The 
proposed fatigue model is applied on each elements and computes element’s fatigue life. 
Crack growth is assumed to start from the element with the shortest fatigue life. 
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2. A CRITICAL PLANE ENERGY MODEL FOR FAITUGE LIFE PREDCTION 
2.1 Critical Plane-energy Model Development 
This section discusses the formulation and derivation of the proposed multiaxial 
fatigue model. It contains two major parts: 1) damage parameter and life prediction based 
on the critical plane-energy concept; 2) calculation of the stress/strain response under 
general multiaxial loadings. Details are shown below. 
2.1.1 Critical Plane and Energy-based Damage Parameter 
Multiaxial fatigue problem usually involves 3D stress and strain components. 
Critical plane approach reduces the 3D problem to an equivalent 2D problems and the 
fatigue failure is assumed to be dependent on the plane stress/strain/energy terms. 
Depending on the critical plane definition and the function used to correlate 
stress/strain/energy to fatigue damage, different models can be developed. In the 
proposed study, an energy-based fatigue limit criterion is assumed to be [20]  
𝜀𝑎,𝑐𝜎𝑎,𝑐
𝜀−1𝜎−1
+
𝛾𝑎,𝑐𝜏𝑎,𝑐
𝛾−1𝜏−1
+ 𝐴
𝜀𝑎,𝑐
𝐻 𝜎𝑎,𝑐
𝐻
𝜀−1𝜎−1
= B                                         (1) 
where 𝜀𝑎,𝑐 , 𝜎𝑎,𝑐 , 𝛾𝑎,𝑐 , 𝜏𝑎,𝑐 , 𝜀𝑎,𝑐
𝐻 , 𝜎𝑎,𝑐
𝐻  are the normal strain and stress amplitudes, shear 
strain and stress amplitudes, and hydrostatic strain and stress amplitudes acting on the 
critical plane, respectively. 
1  and 1  are uniaxial and torsional fatigue strain limits, 
respectively. 
1  and 1  are uniaxial and torsional fatigue stress limits, respectively. A  
and B  are material parameters which are determined from uniaxial and torsional fatigue 
tests. The physical meaning of Eq. (1) is that the final damage is the summation of the 
damage caused by different energy components. Parameter A considers the different 
contributions of the hydrostatic strain amplitude corresponding to different materials. 
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If the Eq. (1) is assumed to be a multiaxial failure criterion, the natural remaining 
questions are: (1) how to determine the orientation of the critical plane so that the 
stress/strain components can be calculated? (2) how to determine the material parameters 
A and B that are based only on uniaxial and pure torsional tests? Before the general 
answers to the above questions are given, a few special cases are derived below. 
Case 1: Brittle failure 
For brittle failure, the critical plane is along the maximum tensile stress amplitude 
plane. For a fully reversed uniaxial fatigue experiment, the strain and stress components 
on the critical plane at the fatigue limit stage are: 
{
𝜀𝑎,𝑐 = 𝜀−1
𝛾𝑎,𝑐 = 0
𝜀𝑎
𝐻 = 𝜀−1(1 − 2𝜈𝑒𝑓𝑓)/3
                                             (2) 
{
𝜎𝑎,𝑐 = 𝜎−1
𝜏𝑎,𝑐 = 0
𝜎𝑎
𝐻 =
𝜎−1
3
                                                               (3) 
where effv  is the effective Poisson’s ratio which is given by: 
           
a
appaee
eff
vv
v

 
                                                    (4) 
where 
ev  is the elastic Poisson’s ratio. If no experimental value is available, a value of 
0.3 can be used instead. pv  is the plastic Poisson’s ratio and takes the value of 0.5. ae  
and ap  are the elastic and plastic strain amplitude, respectively. They can be calculated 
from a cyclic stress-strain relationship (details shown in section 2.2). 
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For a fully reversed pure torsional fatigue experiment, the strain and stress 
components on the critical plane at the fatigue limits are: 
{
𝜀𝑎,𝑐 =
𝛾−1
2
𝛾𝑎,𝑐 = 0
𝜀𝑎,𝑐
𝐻 = 0
                                                            (5) 
{
𝜎𝑎,𝑐 = 𝜏−1
𝜏𝑎,𝑐 = 0
𝜎𝑎,𝑐
𝐻 = 0
                                                          (6) 
Substitute Eqs. (2-6) to Eq. (1) and solve for material parameters. One can obtain: 
{
𝐴 = (
𝑠
2
− 1)
9
1−2𝜈𝑒𝑓𝑓
𝐵 =
𝑠
2
                                                (7) 
where 𝑠 =
𝜏−1𝛾−1
𝜎−1𝜀−1
. Notice that the parameter A has its physical meaning that it indicates 
the contribution to the fatigue damage by the hydrostatic stress/strain amplitude. Fatigue 
damage is a monotonically increasing process and A should be positive. Thus, 𝑠 ≥ 2 and 
this type of approach can only applied to the materials with 𝑠 ≥ 2. When s=2, A equals to 
zero means that there is no contribution from the hydrostatic stress/strain amplitude to 
fatigue failure.  
Case 2: Ductile failure 
For ductile failure, the critical plane is along the maximum shear stress amplitude 
plane and is 45 degrees to maximum normal stress amplitude plane. For a fully reversed 
uniaxial fatigue experiment, the strain and stress components on the critical plane at the 
fatigue limit stage are: 
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{
 
 
 
 𝜀𝑎,𝑐 =
𝜀−1(1+𝜈𝑒𝑓𝑓)
2
𝛾𝑎,𝑐 =
𝜀−1(1+𝜈𝑒𝑓𝑓)
2
𝜀𝑎
𝐻 =
𝜀−1(1−2𝜈𝑒𝑓𝑓)
3
 
                                                  (8) 
{
 
  𝜎𝑎,𝑐 =
𝜎−1
2
𝜏𝑎,𝑐 =
𝜎−1
2
𝜎𝑎
𝐻 =
𝜎−1
3
                                                          (9) 
For a fully reversed pure torsional fatigue experiment, the strain and stress 
components on the critical plane at the fatigue limit stage are: 
{
𝜀𝑎,𝑐 = 0
𝛾𝑎,𝑐 = 𝛾−1
𝜀𝑎,𝑐
𝐻 = 0
                                                         (10) 
{
𝜎𝑎,𝑐 = 0
𝜏𝑎,𝑐 = 𝛾−1
𝜎𝑎,𝑐
𝐻 = 0
                                                       (11) 
Substitute Eqs. (8-11) to Eq. (1) and solve for material parameters, one can obtain: 
{
𝐴 = (1 −
1+𝜈𝑒𝑓𝑓
4
(
1
𝑠
+ 1))
9
1−2𝜈𝑒𝑓𝑓
𝐵 = 1
                                      (12) 
Similar with the first case, A should be positive and 𝑠 ≥
1+𝜈𝑒𝑓𝑓
3−𝜈𝑒𝑓𝑓
. Clearly, this type of 
approach also has limitations with respect to applicable material properties.  
Several conclusions can be drawn based on the two special cases above. The 
contribution of the hydrostatic stress/strain amplitude is different for different materials if 
the critical plane is fixed for all materials. Also, if the critical plane is fixed to either 
maximum normal stress amplitude plane or maximum shear stress amplitude plane, the 
applicability of the model is limited to a certain range of materials. 
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Case 3: General case 
In the general case, the critical plane is not fixed. It is defined as the plane that the 
contribution from the hydrostatic stress/strain is minimized to zero (e.g., A in Eq. (1) is 
zero). Eq. (1) is rewritten as 
𝜀𝑎,𝑐𝜎𝑎,𝑐
𝜀−1𝜎−1
+
𝛾𝑎,𝑐𝜏𝑎,𝑐
𝛾−1𝜏−1
= 𝐵                                               (13)  
where a new variable  is introduced here as the angle between the critical plane and the 
maximum normal stress amplitude plane.  is a material parameter and indicates that the 
critical plane will automatically changes with respect to the material properties. Thus, the 
critical plane orientation not only depends on the applied stress state, but also depends on 
the material properties.  
For a fully reversed uniaxial fatigue experiment, the strain and stress components 
on the critical plane at the fatigue limit state are: 
{
𝜀𝑎,𝑐 =
𝜀−1(1+𝜈𝑒𝑓𝑓)
2
+
𝜀−1(1+𝜈𝑒𝑓𝑓)
2
𝑐𝑜𝑠 (2𝛼)
𝛾𝑎,𝑐 = −𝜀−1(1 + 𝜈𝑒𝑓𝑓)𝑠𝑖𝑛 (2𝛼)𝑠 (2𝛼)
                            (14) 
{
𝜎𝑎,𝑐 =
𝜎−1
2
+
𝜎−1
2
𝑐𝑜𝑠 (2𝛼)
𝜏𝑎,𝑐 = −
𝜎−1
2
𝑠𝑖𝑛 (2𝛼)
                                        (15) 
For a fully reversed pure torsional fatigue experiment, the strain and stress components 
on the critical plane at the fatigue limit stage are: 
{
𝜀𝑎,𝑐 =
𝛾−1
2
𝑐𝑜𝑠 (2𝛼)
𝛾𝑎,𝑐 = −𝛾−1𝑠𝑖𝑛 (2𝛼)
                                            (16) 
{
𝜎𝑎,𝑐 = 𝜏−1𝑐𝑜𝑠 (2𝛼)
𝜏𝑎,𝑐 = −𝜏−1𝑠𝑖𝑛 (2𝛼)
                                            (17) 
Substitute Eqs. (14-17) to Eq. (1) and solve for material parameters, one can obtain: 
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{
  
 
  
 𝑐𝑜𝑠(2𝛼) =
−𝑏+√𝑏2−4𝑎𝑐
2𝑎
𝑎 =
(1+𝜈𝑒𝑓𝑓)
4
−
𝑠
2
−
(1+𝜈𝑒𝑓𝑓)
2𝑠
+ 1
𝑏 =
1
2
𝑐 =
(1−𝜈𝑒𝑓𝑓)
4
+
(1+𝜈𝑒𝑓𝑓)
2𝑠
− 1
                                 (18) 
From Eq. (18),   has no real solution for 2s  . This indicates that for those materials, 
the contribution of hydrostatic strain amplitude cannot be minimized to zero and must be 
considered during the fatigue damage evaluation. We use the results in Case 1 for the 
materials of 2s  .  
After developing the fatigue limit criterion as above, the methodology for fatigue 
life prediction is relatively easy. Notice that the fatigue limit often refers to the fatigue 
strength at very high cycle. For finite fatigue life prediction, the damage parameter 
should be correlated with the life (number of loading cycles). Eq. (1) can be rewritten as 
(𝜀𝑎,𝑐𝜎𝑎,𝑐+
𝛾𝑎,𝑐𝜏𝑎,𝑐
𝑠
+𝐴𝜀𝑎,𝑐
𝐻 𝜎𝑎,𝑐
𝐻 )
2B
=
𝜀−1𝜎−1
2
                                        (19) 
The right-hand side of equation can be treated as the equivalent energy amplitude term 
and the left-hand side can be used to correlate with the fatigue life using the uniaxial 
energy–N curve. 
(𝜀𝑎,𝑐𝜎𝑎,𝑐+
𝛾𝑎,𝑐𝜏𝑎,𝑐
𝑠
+𝐴𝜀𝑎,𝑐
𝐻 𝜎𝑎,𝑐
𝐻 )
2B
= f(𝑁𝑓)                                     (20) 
where fN  is the number of cycles to failure and  fNf  is the uniaxial energy-life 
function obtained from experimental results. , ,  and  are replaced by 
fN
 , 
fN
 𝜎𝑁𝑓  and 𝜏𝑁𝑓 . Notice that there is no close solution for , 𝜎𝑁𝑓  and𝜏𝑁𝑓 . In 
1 1 1 1
fN

fN

11 
 
practical computation, a trial and error method can be used to find , 𝜎𝑁𝑓 and 𝜏𝑁𝑓 
take initial values as , ,  and . Usually a few iterations are enough to make 
converge. [20]  
 
2.1.2 Stress-Strain Calculation under Proportional and Non-Proportional Multiaxial 
Loadings 
Previous discussion developed an energy-based multiaxial fatigue model. The 
stress and strain terms are known and are used in the formulation. In practical situations, 
the stress and strain response for a material is required in order to predict the life based 
on the proposed formulation. For example, the stress response under the displacement-
controlled lab testing needs to be calculated for the application of the proposed energy-
based life prediction model. The calculation algorithms for general multiaxial cyclic 
loadings are discussed below. 
For the proportional loading case, the calculation of the stress and strain response 
is straightforward. A cyclic stress-strain relationship can be described by the Ramberg-
Osgood curve as 
𝜀𝑎 = 𝜀𝑎𝑒 + 𝜀𝑎𝑝 =
𝜎𝑎
𝐸
+ (
𝜎𝑎,𝑐
𝐾′
)
1
𝑛′
                                      (21) 
where E  is the Young’s modulus. 
'K  and 
'n are the cyclic strength coefficient and the 
cyclic strength exponent, respectively. The equivalent stress and strain are defined using 
the von-Mises stress and strain. The stress-strain equation of total deformation plasticity 
is given by 
fN

fN

1 1 1 1
fN
12 
 
𝜀𝑖𝑗 =
1+𝜈
𝐸
𝜎𝑖𝑗 −
𝜈
𝐸
𝜎𝑘𝑘𝛿𝑖𝑗 +
3
2
𝜀𝑒𝑞
𝑝
𝜎𝑒𝑞
𝑆𝑖𝑗                                   (22) 
 where: 
{
  
 
  
 𝜎𝑒𝑞 = √
3
2
𝑆𝑖𝑗𝑆𝑖𝑗
𝜀𝑒𝑞
𝑝 = √
3
2
𝜀𝑖𝑗
𝑝𝜀𝑖𝑗
𝑝
𝑆𝑖𝑗 = 𝜎𝑖𝑗 −
1
3
𝜎𝑘𝑘𝛿𝑖𝑗
𝜎𝑘𝑘 = 𝜎11 + 𝜎22 + 𝜎33
                                            (23) 
For 2D problem, the constitutive laws can be simplified as 
{
𝜀 =
1
𝐸
𝜎 +
1
𝐸𝑃
𝜎
𝛾 =
2(1+𝜈)
𝐸
+
3
𝐸𝑃
𝜏
                                                (24) 
where Ep is defined as 𝐸𝑝 =
𝜎𝑒𝑞
𝜀𝑒𝑞
𝑝 =
𝜎𝑒𝑞
(
𝜎𝑒𝑞
𝐾
)
1
𝑛
 
Eq. (24) are the solution for proportional loading cases and stress/strain responses for the 
proposed multiaxial fatigue model can be obtained.  
For the non-proportional loading, the above-mentioned solution is no longer valid. 
The out-of-phase hardening behavior cannot be captured and other models need to be 
used. There are many models available for this purpose [31][32]. The study used the 
kinematic hardening rule proposed by Mroz and Garud [25], [26]. It should be noted that 
the use of Mroz-Garud model is not a required component in the proposed multiaxial 
fatigue model and any other models can be used to calculate the stress/strain response. 
The main reasons for the selection of the Mroz-Garud model are: (1) its simplicity for the 
calculation; (2) experimental validation shown in the next section shows good accuracy.   
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Detailed derivation for the Mroz-Garud model is not given here and interested 
readers can refer to the original work in [25], [26]. Only a brief discussion on the key 
steps are given below for the completeness of the proposed methodology. The key 
concept in the Mroz-Garud model is the introduction of the plastic modulus. The 
Ramberg-Osgood curve is regarded as a baseline stress-strain relation and is 
approximates by several line segments in the Mroz-Garud model so that each line has its 
own plastic modulus H. H is the slope of the line which is different for different segments. 
The approximation is illustrated in Fig. 1. This approach can be applied to arbitrary 
stress-strain curves and is illustrated here using the Ramberg-Osgood function. 
According to the approximated stress-strain curve, plasticity surfaces are defined in the 
stress space corresponding to the stress points on the approximation lines. Usually, the 
innermost surface is the yield surface and the first surface’s plastic modulus H is equal to 
the Young’s modulus. The material is considered to be isotropic. Thus, all the surfaces 
are concentric.  
 
Fig.  1 Stain-stress Curve Approximation 
Stress-strain curve 
√3τ
σσ
ε
f 1
f 2
f 3
x
xy
Plastic surface 
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In order to account the memory effect, these plasticity surfaces are following the 
kinematic hardening rule during the cyclic loading. Translation of surfaces could be 
determined by the path of loading. When loading path reach a plasticity surface, the 
surface start moving inside the larger plasticity surface until the contact occurs. After that, 
these two surfaces move together as a rigid body. Garud [26] modified these model to 
make all surfaces are tangent to others when they become a rigid body. For arbitrary non-
proportional loading path, the incremental constitutive stress-strain equations can be 
expressed as  
{
𝛥𝜀 =
1
𝐸
𝛥𝜎 +
𝛥𝜎𝑒𝑞
𝐻𝜎𝑒𝑞
𝜎
𝛥𝛾 =
2(1+𝜈)
𝐸
𝛥𝜏 +
3𝛥𝜎𝑒𝑞
𝐻𝜎𝑒𝑞
𝜏
                                           (25) 
where H is plastic modulus which is gradient of stress-strain curve. Eq. (25) is used to 
calculate the stress responses in the proposed methodology. Details on the computational 
procedures can be found in [25], [26]. 
2.2 Validation 
Available experimental testing data on multiaxial fatigue lives from open 
literatures are collected and used for model validation. A summary of the collected 
experimental data is shown in Table 1. In Table 1, the abbreviation for the multiaxial 
loading paths are illustrated in Fig. 1. In the proposed model, s is an important parameter 
that defines the critical plane orientation and is an indicator for the possible failure modes. 
As shown in Table 1, the s value ranges from 0.39~1.89, which covers the range of 
ductile-dominate, mixed ductile/brittle, and brittle-dominate failure modes. Thus, the 
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selection of these materials is to validate the applicability of the proposed model for 
different materials experiencing different multiaxial failure modes. 
Table 1.  Summary of Collected Experimental Data 
Material Multiaxial loading path s range Reference 
AISI Type 304 stainless steel Pro, sin90, box, box2 1.25~1.86 [12] 
SAE-1045 steel Pro, sin90, box 0.84~0.96 [27] 
A533B pressure vessel steel Pro, sin90 0.63~1.10 [28] 
Al-6061-T6 Pro 0.39~0.55 [29] 
SM45C steel Pro, sin22, sin45, sin90, box 1.17~1.61 [30] 
 
 
 
Fig.  2 Schematic Illustration of the Investigated Loading Waveforms 
ε
γ
ε
γ
a
a
ε
γ
ε
γ
a
a
ε
γ
ε
γ
a
a
ε
γ
ε
γ
a
a
ε
γ
ε
γ
a
a
ε
γ
ε
γ
a
a
ε
γ
ε
γ
a
a
1-1
-1
1
1-1
-1
1
1-1
-1
1
1-1
-1
1
1-1
-1
1
1-1
-1
1
1-1
-1
1
ε
γ
ε
γ
a
a
1-1
-1
1
a) uni b) tor c) pro d) sin90 
e) sin45 f) sin22.5 g) box h) box2 
16 
 
The comparison is first done for the stress and strain responses under multiaxial 
loadings. The focus is on the applicability of the used Mroz-Garud model for the 
prediction of normal and shear stresses when the strain-based testing data is available. Fig. 
3 shows the comparison between experimental measurements and numerical predictions 
for normal and shear stresses.   The x-axis is the experimental measurements and the y-
axis is the numerical predictions. The solid diagonal line indicates the perfect prediction 
and all points are for experimental data. Different loading paths ae shown in the legend 
and can be found in Fig. 2. There are no reported data for A533B steel and Al 6061 and 
the comparison is done for other three materials.  
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Fig.  3 Comparison of Normal and Shear Stress Predictions and Experimental 
Measurements under Multiaxial Fatigue Loadings 
Normal stress Shear stress 
a) SM45C steel 
Normal stress Shear stress 
b) SAE 1045 Steel 
Normal stress Shear stress 
c) AISI 304 Steel 
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General good agreement with a few exceptions are observed in Fig. 3. The worst 
case is for the Sin90 loading waveform for AISI 304 steel and the model predictions 
underestimates the stress amplitude. Further improvement using other models may be 
needed. It should be noted that a specific plasticity model is not required by the proposed 
multiaxial fatigue model. If experimental measurements for both stress and strains are 
available, life prediction can be performed directly using the measured stress and strain. 
If only strain data is available, the plasticity model is needed to estimate the stress (and 
energy terms) using the proposed methodology. Detailed comparison and selection for 
the best plasticity model is beyond the scope of the proposed study. The life predictions 
below shows that the used Mroz-Garud model is satisfactory for the life estimation. 
The stress and strain responses obtained above is used for the life prediction. Fig. 
4 shows the comparison of the proposed model predictions with experimental 
measurements. The x-axis is the experimental measurements of fatigue lives and the y-
axis is the predicted lives. Both axes are in log scale. Solid diagonal line indicates the 
perfect prediction and a life factor of 2 is also shown as the dashed lines. All points are 
experimental data and different loading waveforms are shown in the legend. It is shown 
that most of the data falls in the scatter bands of life factor two. Several observations are 
summarized below. It appears that predictions for different materials and different load 
paths have similar errors bands, which indicates the proposed model has no systematic 
errors with respect to material properties and loading waveforms. No calibration for non-
proportional loading is needed and the proposed model capture the out-of-phase 
hardening effect analytically.   
19 
 
 
 
Fig.  4 Comparison of Fatigue Life Predictions and Experimental Measurements 
 
SM45C steel Al 6061 
A533B Steel SAE 1045 Steel 
AISI 304 Steel 
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2.3 Conclusions 
A new multiaxial fatigue life prediction model is proposed in this Chapter for 
constant amplitude loadings. Loading waveforms include uniaxial, pure torsion, in-phase 
and out-of-phase multiaxial loading. Five sets of experimental fatigue life data under 
different loading paths are used to validate the proposed model, which cover a wide range 
of metals. A very good agreement is obtained for fatigue life predictions. It is shown that 
there are no systematic errors according to material properties and loading conditions. 
The used Mroz-Garud model provides satisfactory predictions results for both 
proportional and non-proportional loadings for most of the collected experimental data. 
The integration of the proposed multiaxial fatigue model and the Mroz-Garud model 
avoid the calibration for fatigue life predictions under non-proportional multiaxial 
loadings. The ratio of torsional fatigue energy coefficient and the uniaxial fatigue energy 
coefficient appears to be very important for the multiaxial fatigue life prediction. 
According to the multiaxial fatigue theory proposed in this study, different material 
failure modes can be explained by this parameter.  
At present, the proposed model is applicable to constant amplitude loading. 
Further work is needed to extend the proposed model to general multiaxial random 
loadings. The used Mroz-Garud model shows relatively large errors for one materials 
under out-of-phase loadings and the investigation for other plasticity model may help to 
reduce the error.  
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3.  FATIGUE ANALYSIS FOR HETEROGENEOUS MATERIALS USING THE 
DEVELOPED MODEL 
3.1 Simulation 
The proposed energy-based fatigue model in Chapter 2 could be applied on 
fatigue life prediction of heterogeneous materials with certain microstructures. The key 
idea is to combine with a numerical simulation method for the calculation of local stress-
strain responses in a heterogeneous material system. The finite element method (FEM) 
combining with the energy-based model was selected to predict fatigue life of 
heterogeneous material using ABAQUS. The proposed model could calculate each 
element’s fatigue life based on stress and strain components calculated from ABAQUS. 
The failure would occur at position of the element with the shortest fatigue life which 
means the crack initiate from this element. The shortest element fatigue life represented 
the material fatigue crack initiation life. In this Chapter, an analysis of heterogeneous 
material was investigated for three cases, which are (1) matrix material with random 
pores, (2) matrix material with soft particles, and (3) matrix material with hard particle.  
In the numerical simulations, the matrix material is assumed to be 1045 steel. The 
mechanical properties are: Young’s Modules 202Gpa; Poisson’s ratio 0.2785. Soft 
particle material is Al-6061-T6. Its mechanical properties are: Young’s Modules 69Gpa; 
Poisson’s ratio 0.3. Hard particle material is 5% chrome steel and the properties are: 
209Gpa; Poisson’s ratio 0.2165. Al-6061-T6 and 5% chrome steel are assumed to be 
elastic. 1045 steel is elastic-plastic under loading. Its stress-strain curve is satisfied with 
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Ramberg-Osgood law in Eq. (21), which is determined by coefficients K’ and n’. The 
material information is shown in Table. 2.  
Table 2. Material’s Properties 
Material 
Young’s 
Modules 
(Gpa) 
Poisson’s ratio Coefficient K’ Coefficient n’ 
1045 steel 202 0.2785 1258 0.208 
Al-6061-T6 69 0.3   
5% Chrome steel 209 0.2165   
 
The shape of pore and particle is assumed to be circular. Table. 3 includes simulated 
material combination of microstructure parameters and loading conditions. Three pore or 
particle densities (number/area) are: 4/mm2, 5/mm2 and 6/mm2. Each density includes 
four kinds of radius of pore and particle: 0.05mm to 0.15mm (mean: 0.1 mm and range of 
0.1 mm); 0.03mm to 0.17mm (mean: 0.1 mm and range of 0.14 mm); 0.03mm to 0.12mm 
(mean: 0.075 mm and range of 0.09 mm), and 0.05mm to 0.1mm (mean: 0.075 mm and 
range of 0.05 mm).  Loading conditions are uniaxial loading, pure shear loading, and 
biaxial loading. 
Table 3. Design of Numerical Experiments 
case number 1 2 3 4 5 6 
density （/mm2） 4 4 4 4 5 5 
radius（mm） 
0.05-
0.15 
0.03-
0.17 
0.03-
0.12 
0.05-
0.10 
0.05-
0.15 
0.03-
0.17 
 
case number 7 8 9 10 11 12 
density （/mm2） 5 5 6 6 6 6 
radius（mm） 
0.03-
0.12 
0.05-
0.10 
0.05-
0.15 
0.03-
0.17 
0.03-
0.12 
0.05-
0.10 
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Because the pore or particle distribution is random, 50 Monte Carlo simulations 
are used for one case and then statistical analysis is used to find the mean value of fatigue 
life from test data. This process is automated using Matlab shell to control the ABAQUS 
solver and is schematically shown in in Fig. 5.  
 
Fig.  5 Schematic Illustration of Simulation Flow 
First, MATAB generates a group of circle’s center position and radius randomly 
in a defined square. Following this, the FE model is created in ABAQUS based on the 
data from MATLAB and loading condition. Next, element stress and strain components 
are outputted to MATALB after computation. Finally, MATLAB can calculate elements’ 
fatigue life and find the shortest one. The shortest element life is assumed to be the crack 
initiation life. The sample size is 50 for one specific case and there are total 81 cases need 
to be simulated. The total number of simulations size is 4050. In order to make this 
simulation feasible, Python code, which can control the ABAQUS simulation, is coupled 
with MATLAB code so that random samples could be generated and tested automatically.  
There are two parts in python code. The function of first part of python code is 
model creation and computation. The second part is to extract result data to MATLAB. A 
sample code for this purpose is shown in appendix. In Fig. 6, some samples show their 
stress state under biaxial loading, which are generated by MATLAB and computed in 
ABAQUS. 
MATLAB generates 
location and size of 
pore or particle 
ABAQUS creates 
sample model and 
solve  
MATLAB calculates 
fatigue life  
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Fig.  6 von Mises Contour Plots under Biaxial Loading 
3.2 Convergence Study 
Convergence study needs to be conducted first with respect to mesh size and 
representative area size. Generally, smaller mesh size and larger representative area make 
results more accurate. However, it would take a long time to calculate one sample with 
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very large area and very small element size. Appropriate mesh size and representative 
area can ensure both computational efficiency and accuracy. In order to find the optimum 
combination of mesh size and representative area for computation, parametric study is 
performed as shown below.  
3.2.1 Mesh 
A specific sample is used to study mesh convergence. Fig. 7 shows shape of the 
sample. Predicted fatigue lives in different mesh size are expected to converge to the true 
constant life. Radius of pore is from 0.05mm to 0.15mm. The study sample side length is 
3mm that is large enough comparing with the pore radius.  
 
Fig.  7 Sample for Mesh Convergence Study 
Loading condition is uniaxial loading of 50 MPa. Mesh size is from 0.01mm to 
0.1mm. The predicted fatigue lives for different mesh size is given in Fig. 8. It indicates 
that solution converge when mesh size is smaller than 0.02mm and mesh size is set to be 
0.02mm for further computation.  
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Fig.  8 Fatigue Life for Different Mesh Size 
3.2.2 Representative Area 
Due to the stochasticity of the microstructure, the investigation of representative 
area convergence needs many runs with the mean pore density constant. Each area size 
needs many predicted lives and the mean value of lives is regard as model computation 
convergence. Mesh size is 0.02mm from the mesh convergence study. Square edge length 
are 3mm, 2.5mm, 2mm, 1.5mm and 1mm. Loading condition is  uniaxial stress of 50MPa. 
It is observed from Fig. 9 that mean value of lives converge when length is longer than 
2mm. It is shown in this case that the convergence achieves when the simulation domain 
is at least 10 times than the average pore radius. Edge length is set to be 2mm which is a 
balance between accuracy and computation efficiency. 
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Fig.  9 Mean Value of Fatigue Life for Different Represented Area 
3.3 Simulation Results and Discussion 
3.3.1 Porous Material 
This section is to study the influence of pores to the fatigue life of heterogeneous 
materials. The loading conditions are assumed to be axial 50 MPa and torsional 30 MPa. 
Table 4 is summary of mean value of predicted life for different sample cases. The 
material without pores will not fail under these small loading condition.  
Table 4. Porous Material Simulation Data for Different Cases 
 Uniaxial loading Torsional loading Biaxial loading 
Case 
Mean 
fatigue life 
(Logscale) 
Porosity 
Mean 
fatigue life 
(Logscale) 
Porosity 
Mean 
fatigue life 
(Logscale) 
Porosity 
1 6.062 0.126 6.17 0.126 4.56 0.126 
2 5.583 0.126 5.88 0.126 4.82 0.126 
3 7.107 0.071 7.19 0.071 5.81 0.071 
4 7.227 0.071 7.27 0.071 5.75 0.071 
5 5.409 0.157 5.52 0.157 4.25 0.157 
6 5.550 0.157 5.57 0.157 4.49 0.157 
7 6.802 0.088 6.97 0.088 5.17 0.088 
8 6.616 0.088 7.05 0.088 5.36 0.088 
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9 4.875 0.188 5.12 0.188 4.11 0.188 
10 4.830 0.188 5.06 0.188 4.21 0.188 
11 6.401 0.106 6.49 0.106 5.08 0.106 
12 6.383 0.106 6.41 0.106 4.99 0.106 
 
Comparing fatigue lives of no pore material and porous material, it is obvious that the life 
decreases dramatically with increasing pores. A von Mises stress contour plot of one 
sample shown in Fig. 10. The density is 4/mm2. Radius range is from 0.05mm to 0.15mm. 
From Fig. 10, stress concentration appears at the place where distance between two pores 
is very short. Stress concentration caused reduces fatigue lives.  
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Fig.  10 Von Mises Stress in Porous Material under Three Loading Conditions 
The relation between obtained mean value life and porosity is shown in Fig. 11. 
Comparing mean value fatigue lives of microstructure in different porosities, 
microstructure with high porosity is expected to have a shorter fatigue life. Fatigue life of 
one sample is determined by the shortest distance between two pores in the 
microstructure. Though the distance in low porosity microstructure could very short. 
Higher porosity brings higher possibility that the distance is short.  
 
 
a) Uniaxial loading b) Torsional loading 
c) Biaxial loading 
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Fig.  11 Mean Fatigue Life of Porous Material for Different Porosity under Three 
Different Loading Condition 
The relation between mean fatigue life and radius range is investigated and is 
shown in Fig. 12. As can be seen, with radius range increasing, some fatigue life 
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increases while other decreases. Additionally, the magnitude of increment or decrement 
is very small. Thus, there is very little correlation between radius range and mean fatigue 
life in porous material. 
 
Fig.  12 Mean Fatigue Life of Porous Material for Different Radius Range under Three 
Different Loading Condition 
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3.3.2 Composite material 
This part focuses on the influence due to different particle properties for 
microstructure-sensitive fatigue life prediction. All particles shape is assumed to be 
circular and information of shape and particle distribution is summarized in Table 3 as 
well. There are 12 kinds of combination. Besides, hard and soft materials are studied 
separately to investigate the effect on the multiaxial fatigue prediction. Loading condition 
are: axial stress of 150 MPa and torsional stress of 100 MPa. There is a hypothesis that 
the heterogeneous composite material has perfect bonding and there is no defect along 
the bi-material interfaces. 
Composite material 1: Hard particle 
1045 steel is chosen to be the matrix material. The particle material is 5% chrome 
steel. Their properties is listed in Table. 2. As particle material, 5% chrome steel is harder 
than matrix material 1045 steel. Table 5 shows the mean value of lives for different 
particle size and distribution. The lives of matrix material without particle are 8.3854, 
13.5063 and 7.1601for uniaxial loading, torsional loading and biaxial loading 
respectively, which is considered to be very long and not failing.  
Table 5. Material with Hard Particles Simulation Data for Different Cases 
 
Uniaxial loading Torsional loading Biaxial loading 
Case 
Mean 
fatigue life 
(Logscale) 
Particle 
Fraction 
Mean 
fatigue life 
(Logscale) 
Particle 
Fraction 
Mean 
fatigue life 
(Logscale) 
Particle 
Fraction 
1 5.65 0.126 5.67 0.126 2.93 0.126 
2 5.55 0.126 5.55 0.126 2.95 0.126 
3 5.91 0.071 5.93 0.071 2.99 0.071 
4 6.02 0.071 5.95 0.071 3.01 0.071 
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5 5.51 0.157 5.49 0.157 2.92 0.157 
6 5.57 0.157 5.53 0.157 2.89 0.157 
7 5.86 0.088 5.85 0.088 2.98 0.088 
8 5.87 0.088 5.89 0.088 2.97 0.088 
9 5.36 0.188 5.38 0.188 2.88 0.188 
10 5.38 0.188 5.34 0.188 2.89 0.188 
11 5.72 0.106 5.74 0.106 2.96 0.106 
12 5.78 0.106 5.69 0.106 2.96 0.106 
 
As can be seen, the fatigue life of 1045 steel is longer than composite material. 
Simulation solution also indicates that failure starts from matrix in all 12 cases. Fig. 13 
shows the contour plot of von Mises stress of one single sample under uniaxial loading, 
torsional loading and biaxial loading. 
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Fig.  13 von Mises Stress In Material with Hard Particles under Three Loading 
Conditions 
From the Fig. 13, it is easy to obtain that stress concentration occurs at the matrix near 
interface, which is the main reason of matrix failure.  
Mean value of fatigue life compared with particle fraction is shown in Fig. 14. 
Comparing mean fatigue life of microstructure in different particle fraction, 
microstructure with high particle fraction is expected to have a shorter fatigue life. 
a) Uniaxial loading b) Torsional loading 
c) Biaxial loading 
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Because the mean value of the shortest distance between two particles is smaller with 
higher particle fraction material. Shorter distance makes the stress concentration distinct.  
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Fig.  14 Mean Values of Material with Hard Particles for Different Porosity under Three 
Different Loading Condition 
a) Uniaxial loading 
b) Torsional loading 
c) Biaxial loading 
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Mean fatigue life for different particle radius range is shown in Fig. 15. As same 
as porous material study, it can be obtained there is little correlation between fatigue life 
and particle radius range.  
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Fig.  15 Standard Deviation of Material with Hard Particles for Different Particle Fraction 
under Three Different Loading Condition 
Composite material 2: Soft particle 
a) Uniaxial loading 
b) Torsional loading 
c) Biaxial loading 
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1045 steel is matrix material as well. The particle material is Al-6061-T6. 
Material’s properties are shown in Table. 2. As particle material, Al-6061-T6 is softer 
than matrix material 1045 steel. Table 6 shows the mean fatigue life for different particle 
size and distribution. As mentioned in hard particle material study, the lives of matrix 
material without particle are 8.3854, 13.5063 and 7.1601for uniaxial loading, torsional 
loading and biaxial loading respectively, which is considered to be very long and not 
failing. 
Table 6. Material with Soft Particles Simulation Data for Different Cases 
 
Uniaxial loading Torsional loading Biaxial loading 
Case 
Mean 
fatigue 
life 
(Logscale) 
Particle 
Fraction 
Mean 
fatigue life 
(Logscale) 
Particle 
Fraction 
Mean 
fatigue life 
(Logscale) 
Particle 
Fraction 
1 5.49 0.126 5.09 0.126 4.23 0.126 
2 5.44 0.126 5.07 0.126 4.25 0.126 
3 5.68 0.071 5.34 0.071 4.38 0.071 
4 5.74 0.071 5.29 0.071 4.44 0.071 
5 5.37 0.157 4.94 0.157 4.19 0.157 
6 5.42 0.157 4.99 0.157 4.18 0.157 
7 5.61 0.088 5.22 0.088 4.32 0.088 
8 5.63 0.088 5.20 0.088 4.33 0.088 
9 5.24 0.188 4.85 0.188 4.13 0.188 
10 5.26 0.188 4.87 0.188 4.14 0.188 
11 5.52 0.106 5.10 0.106 4.29 0.106 
12 5.52 0.106 5.08 0.106 4.27 0.106 
 
As can be seen, the fatigue life of 1045 steel is longer than composite material. 
Simulation solution indicates that failure starts from matrix under biaxial loading 
condition. Almost all failures start from particle material under torsional loading 
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condition. However, under biaxial loading condition, failure starting from particle is 
around 70% for all simulation cases. Fig. 16 shows the contour plot of von Mises stress 
of one single sample under uniaxial loading, torsional loading and biaxial loading. In Fig. 
16, stress concentration is at the matrix near interface. The result coming from simulation 
indicates that though stress concentration is at matrix, particle fatigue life is also 
influenced by stress concentration. Comparing to the no particle failure case in hard 
particle composite, particle is failure first in some simulation examples of soft particle 
composite. 
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Fig.  16 von Mises Stress in Material with Soft Particles under Three Loading Conditions 
Mean value of fatigue life versus particle fraction is shown in Fig. 17. Like hard 
particle composite material, soft particle fraction increase causes mean value of fatigue 
life decrease for which stress concentration is distinct in high particle fraction composite 
material.  
a) Uniaxial loading b) Torsional loading 
c) Biaxial loading 
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Fig.  17 Mean Values of Material with Soft Particles for Different Porosity under 
Three Different Loading Condition 
a) Uniaxial loading 
b) Torsional loading 
c) Biaxial loading 
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Mean predicted fatigue life for different particle fraction is shown in Fig. 18. 
From Fig. 18, it can be obtained that radius range has no contribution to fatigue life as 
well. 
  
Fig.  18 Standard Deviation of Material with Soft Particles for Different Particle Fraction 
under Three Different Loading Condition 
b) Torsional loading 
a) Uniaxial loading 
c) Biaxial loading 
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There is a negative correlation between particle fraction and particle failure 
percentage under uniaxial loading, shown in Fig. 19. 
 
Fig.  19 Particle Failure Percentage of Material with Soft Particles for Different Particle 
Fraction under Uniaxial Loading Condition 
3.4 Conclusion 
Stress concentration is the main reason for fatigue short life. There are two factors 
that could bring stress concentration, area of cross section and material properties 
difference. On the one hand, pores in material reduce the area of cross section for stress 
transmission. When the applied loading is fixed, the stress magnitude is determined by 
the area. Small area of cross section can increase stress magnitude so that stress 
concentration is distinct near porous edge. On the other hand, material properties 
difference between particle and matrix in composite material causes the discontinuous 
stress across interfaces.  
0
10
20
30
40
50
60
70
80
90
100
0 0.05 0.1 0.15 0.2
P
ar
ti
cl
e 
fa
liu
re
 p
er
ce
n
ta
ge
 (
%
)
Particle Fraction
45 
 
From simulation of composite material, soft particle is easy to be failure first 
under uniaxial loading and torsional loading while no soft particle is failure under biaxial 
loading. All samples with hard particle is failure from matrix. Based on the proposed 
energy-based model, energy-N curve for each material can determine who will be failure 
earlier. In conclusion, the porosity and particle fraction have a strong correlation with 
microstructure fatigue life no matter pore or particle size.  
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4. SUMMARY 
In this thesis, a new energy-based fatigue life model is developed. This model 
considers contribution, which includes normal stress/strain, shear stress/strain and 
hydrostatic stress/strain, to fatigue failure on defined critical plane. In order to predict 
different failure modes, the orientation of critical plan is changed according to different 
material. Specifically, it is determined by the ratio of torsional energy coefficient and 
uniaxial energy coefficient. Comparing with pure strain-based model, when loading is 
non-proportional, energy-based model can consider stress increase due to out–of–phase 
hardening without empirical calibration. Because the stress term is in the energy 
expression. Five different materials are used to verify the proposed energy fatigue life 
model. The predicted fatigue live agree with experimental results very well. These 
material failure modes contain ductile mode, brittle mode and mixed mode. 
The second part of this thesis is to apply the energy-based fatigue model proposed 
at first part of thesis on microstructure and analyze its fatigue life to understand influence 
of pores and particles in microstructure. FEM is selected as numerical method to simulate 
microstructure under different loading conditions. Each element fatigue life can be 
predicted by energy-based fatigue model and the shortest life is represented as the whole 
microstructure fatigue life. Three kinds of microstructure material are studied as typical 
microstructure, which are porous material, hard particle material and soft particle 
material. Simulation solution shows that pores in material reduce fatigue life dramatically. 
Fatigue life reduction is caused by particles as well. Fraction of pores or particles has a 
strong negative correlation with microstructure fatigue life. Because of limitation of 
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sample size, simulation results shows a weak correlation between the fraction and 
standard deviation.  
Future work would focus on two aspects. One is to extent proposed model to 
random multiaxial loading. The other one is that more complex microstructure needs 
further study. For examples, shapes of particles and pores are different and both particle 
and pore exist in microstructure. 
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APPENDIX A 
PYTHON CODE FOR ABAQUS 
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from part import * 
from material import * 
from section import * 
from assembly import * 
from step import * 
from interaction import * 
from load import * 
from mesh import * 
from optimization import * 
from job import * 
from sketch import * 
from visualization import * 
from connectorBehavior import * 
from odbAccess import* 
 
L=2.0 
execfile('drawhole.py') 
execfile('point.py') 
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mdb.models['Model-1'].ConstrainedSketch(name='__profile__', sheetSize=2*L) 
mdb.models['Model-1'].sketches['__profile__'].sketchOptions.setValues( 
    decimalPlaces=3) 
mdb.models['Model-1'].sketches['__profile__'].rectangle(point1=(0.0, 0.0),  
    point2=(L, L)) 
zip(center, point) 
mdb.models['Model-1'].Part(dimensionality=TWO_D_PLANAR, name='Part-1', type= 
    DEFORMABLE_BODY) 
mdb.models['Model-1'].parts['Part-1'].BaseShell(sketch= 
    mdb.models['Model-1'].sketches['__profile__']) 
del mdb.models['Model-1'].sketches['__profile__'] 
 
 
mdb.models['Model-1'].ConstrainedSketch(gridSpacing=0.14, name='__profile__',  
    sheetSize=5.65, transform= 
    mdb.models['Model-1'].parts['Part-1'].MakeSketchTransform( 
    sketchPlane=mdb.models['Model-1'].parts['Part-1'].faces[0],  
    sketchPlaneSide=SIDE1, sketchOrientation=RIGHT, origin=(0.0, 0.0, 0.0))) 
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mdb.models['Model-1'].parts['Part-1'].projectReferencesOntoSketch(filter= 
    COPLANAR_EDGES, sketch=mdb.models['Model-1'].sketches['__profile__']) 
for (c,r) in zip (center, point): 
    mdb.models['Model-1'].sketches['__profile__'].CircleByCenterPerimeter(center=c, 
point1=r) 
 
matrixFace=mdb.models['Model-1'].parts['Part-1'].faces.findAt(((0.0,0.0,0),)) 
mdb.models['Model-1'].parts['Part-1'].PartitionFaceBySketch(faces= 
    matrixFace, sketch=mdb.models['Model-1'].sketches['__profile__']) 
del mdb.models['Model-1'].sketches['__profile__'] 
 
mdb.models['Model-1'].Material(name='matrix') 
mdb.models['Model-1'].materials['matrix'].Elastic(table=((202000.0,  
    0.2785), )) 
mdb.models['Model-1'].materials['matrix'].Plastic(table=((310.0, 0.0), ( 
    360.0, 0.0042), (410.0, 0.0066), (460.0, 0.0102), (510.0, 0.0155), (560.0,  
    0.0232), (610.0, 0.0338), (660.0, 0.0483), (710.0, 0.0674), (760.0,  
    0.0924), (810.0, 0.1245))) 
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mdb.models['Model-1'].Material(name='particle') 
mdb.models['Model-1'].materials['particle'].Elastic(table=((69000.0, 0.3), )) 
mdb.models['Model-1'].materials['particle'].Plastic(table=((900.0, 0.0), ( 
    950.0, 0.0045), (1000.0, 0.0048), (1050.0, 0.0050), (1100.0, 0.0053), (1150.0, 0.0055), 
(1200.0, 0.0057), (1250.0, 0.0060), (1300.0,  
    0.0062))) 
mdb.models['Model-1'].HomogeneousSolidSection(material='matrix', name= 
    'Section-1', thickness=None) 
mdb.models['Model-1'].HomogeneousSolidSection(material='particle', name= 
    'Section-2', thickness=None) 
 
##face 
a=[] 
for p in center: 
    b=[((p[0],p[1],0),)] 
    a=a+b 
 
circleFace=mdb.models['Model-1'].parts['Part-1'].faces.findAt(a[0]) 
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for q in range(1,len(a)): 
    circleFace=circleFace+mdb.models['Model-1'].parts['Part-1'].faces.findAt(a[q]) 
 
matrixFace=mdb.models['Model-1'].parts['Part-1'].faces.findAt(((0.0,0.0,0),)) 
mdb.models['Model-1'].parts['Part-1'].SectionAssignment(offset=0.0, 
    offsetField='', offsetType=MIDDLE_SURFACE, region=Region( 
    faces=matrixFace), sectionName='Section-1', thicknessAssignment= 
    FROM_SECTION) 
mdb.models['Model-1'].parts['Part-1'].SectionAssignment(offset=0.0,  
    offsetField='', offsetType=MIDDLE_SURFACE, region=Region( 
    faces=circleFace), sectionName='Section-2', thicknessAssignment= 
    FROM_SECTION) 
mdb.models['Model-1'].rootAssembly.DatumCsysByDefault(CARTESIAN) 
mdb.models['Model-1'].rootAssembly.Instance(dependent=OFF, name='Part-1-1',  
    part=mdb.models['Model-1'].parts['Part-1']) 
mdb.models['Model-1'].StaticStep(name='Step-1', previous='Initial') 
 
##### set 
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MatrixSet=mdb.models['Model-1'].rootAssembly.instances['Part-1-
1'].faces.findAt(((0.0,0.0,0),)) 
ParticleSet=mdb.models['Model-1'].rootAssembly.instances['Part-1-1'].faces.findAt(a[0]) 
for q in range(1,len(a)): 
    ParticleSet=ParticleSet+mdb.models['Model-1'].rootAssembly.instances['Part-1-
1'].faces.findAt(a[q]) 
 
mdb.models['Model-1'].rootAssembly.Set(faces=MatrixSet, name='Set-1') 
mdb.models['Model-1'].rootAssembly.Set(faces=ParticleSet, name='Set-2') 
 
##edges 
sumEdges=mdb.models['Model-1'].rootAssembly.instances['Part-1-
1'].edges.findAt(((L/2,0,0),),((L/2,L,0),)) 
topEdge=mdb.models['Model-1'].rootAssembly.instances['Part-1-
1'].edges.findAt(((L/2,L,0),)) 
bottomEdge=mdb.models['Model-1'].rootAssembly.instances['Part-1-
1'].edges.findAt(((L/2,0,0),)) 
leftEdge=mdb.models['Model-1'].rootAssembly.instances['Part-1-
1'].edges.findAt(((0,L/2,0),)) 
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rightEdge=mdb.models['Model-1'].rootAssembly.instances['Part-1-
1'].edges.findAt(((L,L/2,0),)) 
mdb.models['Model-1'].Pressure(amplitude=UNSET, createStepName='Step-1', 
    distributionType=UNIFORM, field='', magnitude=-150.0, name='Ten-1',  
    region=Region(side1Edges=topEdge)) 
mdb.models['Model-1'].SurfaceTraction(createStepName='Step-1', directionVector= 
    ((0,0,0),(1,0,0)), distributionType=UNIFORM, field='', localCsys=None, 
magnitude=100.0, name= 
    'Tor-1', region=Region(side1Edges=topEdge)) 
mdb.models['Model-1'].SurfaceTraction(createStepName='Step-1', directionVector= 
    ((0,0,0),(0,1,0)), distributionType=UNIFORM, field='', localCsys=None, 
magnitude=100.0, name= 
    'tor-2', region=Region(side1Edges=rightEdge)) 
mdb.models['Model-1'].DisplacementBC(amplitude=UNSET, createStepName='Step-1',  
    distributionType=UNIFORM, fieldName='', fixed=OFF, localCsys=None, name= 
    'BC-1', region=Region( 
    edges=bottomEdge), u1=UNSET, u2=0.0, ur3=UNSET) 
mdb.models['Model-1'].DisplacementBC(amplitude=UNSET, createStepName='Step-1',  
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    distributionType=UNIFORM, fieldName='', fixed=OFF, localCsys=None, name= 
    'BC-2', region=Region( 
    edges=leftEdge), u1=0.0, u2=UNSET, ur3=UNSET) 
mdb.models['Model-1'].rootAssembly.seedPartInstance(deviationFactor=0.1, 
    minSizeFactor=0.1, regions=( 
    mdb.models['Model-1'].rootAssembly.instances['Part-1-1'], ), size=0.02) 
mdb.models['Model-1'].rootAssembly.generateMesh(regions=( 
    mdb.models['Model-1'].rootAssembly.instances['Part-1-1'], )) 
mdb.Job(atTime=None, contactPrint=OFF, description='', echoPrint=OFF,  
    explicitPrecision=SINGLE, getMemoryFromAnalysis=True, historyPrint=OFF,  
    memory=90, memoryUnits=PERCENTAGE, model='Model-1', modelPrint=OFF,  
    multiprocessingMode=DEFAULT, name='Job-1', nodalOutputPrecision=SINGLE,  
    numCpus=1, numGPUs=0, queue=None, scratch='', type=ANALYSIS,  
    userSubroutine='', waitHours=0, waitMinutes=0) 
mdb.jobs['Job-1'].submit(consistencyChecking=OFF) 
mdb.jobs['Job-1'].waitForCompletion() 
###Extract Stress and Strain 
from odbAccess import* 
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odb=openOdb(path='Job-1.odb') 
frame = odb.steps['Step-1'].frames[-1] 
stress=frame.fieldOutputs['S'] 
strain=frame.fieldOutputs['E'] 
MatEl=odb.rootAssembly.elementSets['SET-1'] 
MatStress=stress.getSubset(region=MatEl).values 
MatStrain=strain.getSubset(region=MatEl).values 
 
ParEl=odb.rootAssembly.elementSets['SET-2'] 
ParStress=stress.getSubset(region=ParEl).values 
ParStrain=strain.getSubset(region=ParEl).values 
##write data 
MatS=open('MatS.txt','w') 
for e in range(len(MatStress)): 
   line=str(MatStress[e].data[0])+' '+str(MatStress[e].data[1])+' 
'+str(MatStress[e].data[3])+'\n' 
   MatS.write(line) 
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MatS.close() 
 
ParS=open('ParS.txt','w') 
for e in range(len(ParStress)): 
   line=str(ParStress[e].data[0])+' '+str(ParStress[e].data[1])+' 
'+str(ParStress[e].data[3])+'\n' 
   ParS.write(line) 
 
ParS.close() 
 
MatE=open('MatE.txt','w') 
for e in range(len(MatStrain)): 
   line=str(MatStrain[e].data[0])+' '+str(MatStrain[e].data[1])+' 
'+str(MatStrain[e].data[3])+'\n' 
   MatE.write(line) 
 
MatE.close() 
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ParE=open('ParE.txt','w') 
for e in range(len(ParStrain)): 
   line=str(ParStrain[e].data[0])+' '+str(ParStrain[e].data[1])+' 
'+str(ParStrain[e].data[3])+'\n' 
   ParE.write(line) 
 
ParE.close()  
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APPENDIX B 
MATLAB CODE FOR FATIGUE COMPUTATION 
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clear all 
%input cyclic material properties 
matpro=xlsread('mat-pro-1045.xls',2); 
global Faxial Baxial Eaxial Caxial Eyoung Ktor Ntor Gshear Seq Strain 
global Kaxial Naxial sa 
Eyoung=matpro(1,1); 
Gshear=matpro(1,2); 
Epoisson=matpro(1,3); 
Kaxial=matpro(2,1); 
Naxial=matpro(2,2); 
Faxial=matpro(3,1); 
Baxial=matpro(3,2); 
Eaxial=matpro(3,3); 
Caxial=matpro(3,4); 
Ktor=matpro(4,1); 
Ntor=matpro(4,2); 
Ftor=matpro(5,1); 
Btor=matpro(5,2); 
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Etor=matpro(5,3); 
Ctor=matpro(5,4); 
options=optimset('TolFun',1e-8); 
%%%%%%%%%%%%%%%%%%%%% 
%input strain amplitude data 
Totaldata=xlsread('strain-1045-sin.xls'); 
totalnumber=size(Totaldata); 
for j=1:totalnumber(1,1) 
    sa=Totaldata(j,1); 
    sm=Totaldata(j,2); 
    ta=Totaldata(j,3); 
    tm=Totaldata(j,4); 
    phy=Totaldata(j,5)/180*pi; 
    Sigma=fsolve(@osgood,500,options); 
    if sa==0 
       Stresssa=0; 
    end 
    if ta==0 
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       Stressta=0;  
    end 
    if sa>0.000001 
    Epr=(Epoisson*Sigma/Eyoung+0.5*(sa-Sigma/Eyoung))/sa; 
    else 
    Epr=Epoisson; 
    end 
    if phy==0 
    Straineq=(sa^2+3/4*ta^2/(1+Epr)^2)^0.5; 
    Strain=Straineq; 
    Stresseq=fsolve(@osgood3,600,options); 
    Ep=Stresseq/(Stresseq/Kaxial)^(1/Naxial); 
    Stresssa=Eyoung*Ep*sa/(Eyoung+Ep); 
    Stressta=Eyoung*Ep*ta/(2*(1+Epoisson)*Ep+3*Eyoung); 
    else 
    [sig,tau]=nonproportional(Kaxial,Naxial,20,310,sa,ta,phy,Eyoung,Epr); 
    Stresssa=1/2*(max(sig(1080:1440))-min(sig(1080:1440))); 
    Stressta=1/2*(max(tau(1080:1440))-min(tau(1080:1440))); 
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    end 
     
%phy=0.0; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
    %strain components on critical plane is calculated, both angle 
               itsum=1.0; 
               itcond=1.0; 
               Flife(itsum)=6;            
               EnergyTenlimit(itsum)=Faxial*(Flife(itsum))^(Baxial); 
%                Strain=Tenlimit(itsum); 
%                StressTenlimit(itsum)=fsolve(@osgood3,1500); 
               EnergyTorlimit(itsum)=Ftor*(Flife(itsum))^(Btor); 
%                Strain=Torlimit(itsum); 
%                StressTorlimit(itsum)=fsolve(@osgood111,1500); 
                    while itcond==1.0 
      %find the critical plane angle--maximum shear strain 
xa=0.0; 
xt=0.0; 
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anglestep=360; 
tstep=360; 
tampmem=Totaldata(j,3); 
tmeanmem=Totaldata(j,4); 
sampmem=Totaldata(j,1); 
smeanmem=Totaldata(j,2); 
smaxmem=Totaldata(j,1)+Totaldata(j,2); 
angmem=0.0; 
for i=1:anglestep 
   xa=i*2*pi/anglestep; 
   for k=1:tstep 
       xt=k*2*pi/tstep; 
          sx=sa*sin(xt); 
          tx=ta*sin(xt+phy); 
       sxangle(k)=sx*(1-Epr)/2+sx*(1+Epr)/2*cos(2*xa)+tx/2*sin(2*xa); 
       txangle(k)=-sx*(1+Epr)*sin(2*xa)+tx*cos(2*xa);    
   end 
   smaxamp=(max(sxangle)-min(sxangle))/2; 
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   smean=(max(sxangle)+min(sxangle))/2; 
   tmaxamp=(max(txangle)-min(txangle))/2; 
   tmean=(max(txangle)+min(txangle))/2; 
   angt=xa; 
   smax=smaxamp+smean; 
   if abs(smaxamp)>sampmem 
   %if abs(smax)>smaxmem 
       sampmem=smaxamp; 
       smeanmem=smean; 
       tampmem=tmaxamp; 
       tmeanmem=tmean; 
       angmem=angt; 
       smaxmem=smax; 
       %damagemem=damagemax; 
   end 
end 
s=EnergyTorlimit(itsum)/EnergyTenlimit(itsum); 
    if s>2 
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       alf=0.0; 
       B=s/2; 
       A=9/(1-2*Epr)*(s/2-1); 
       sahydro=(1-2*Epr)*Totaldata(j,1)/3; 
       Strain=Totaldata(j,1); 
       if Strain==0 
           Stresssahydro=0; 
       else 
           Stresssahydro=(fsolve(@osgood3,500,options))/3; 
       end 
   elseif s<2 
       a=(1+Epr)/4-(1+Epr)/2/s-s/2+1; 
       b=1/2; 
       c=(1-Epr)/4+(1+Epr)/2/s-1; 
       alf=acos((-b+(b^2-4*a*c)^0.5)/2/a)/2; 
%        if alf>45/180*pi 
%            alf=45/180*pi; 
%            B=1; 
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%        end 
       B=s/2*(cos(2*alf))^2+(sin(2*alf))^2; 
       %alf=45/180*pi; 
       %beta=1.0; 
   end 
   angcri1=angmem-alf; 
   angcri2=angmem+alf; 
      for k=1:tstep 
       xt=k*2*pi/tstep; 
          sx=sa*sin(xt); 
          tx=ta*sin(xt+phy); 
       sxangle1(k)=sx*(1-Epr)/2+sx*(1+Epr)/2*cos(2*angcri1)+tx/2*sin(2*angcri1); 
       txangle1(k)=-sx*(1+Epr)*sin(2*angcri1)+tx*cos(2*angcri1);    
       sxangle2(k)=sx*(1-Epr)/2+sx*(1+Epr)/2*cos(2*angcri2)+tx/2*sin(2*angcri2); 
       txangle2(k)=-sx*(1+Epr)*sin(2*angcri2)+tx*cos(2*angcri2);  
          Stresssx=Stresssa*sin(xt); 
          Stresstx=Stressta*sin(xt+phy); 
       Stresssxangle1(k)=Stresssx/2+Stresssx/2*cos(2*angcri1)+Stresstx*sin(2*angcri1); 
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       Stresstxangle1(k)=-Stresssx/2*sin(2*angcri1)+Stresstx*cos(2*angcri1);    
       Stresssxangle2(k)=Stresssx/2+Stresssx/2*cos(2*angcri2)+Stresstx*sin(2*angcri2); 
       Stresstxangle2(k)=-Stresssx/2*sin(2*angcri2)+Stresstx*cos(2*angcri2);  
       Energysx1(k)=sxangle1(k)*Stresssxangle1(k)/2; 
       Energysx2(k)=sxangle2(k)*Stresssxangle2(k)/2; 
       Energytx1(k)=txangle1(k)*Stresstxangle1(k)/2; 
       Energytx2(k)=txangle2(k)*Stresstxangle2(k)/2; 
      end 
      Energysmaxamp1=(max(Energysx1)-min(Energysx1)); 
      Energysmaxamp2=(max(Energysx2)-min(Energysx2)); 
      Energytmaxamp1=(max(Energytx1)-min(Energytx1)); 
      Energytmaxamp2=(max(Energytx2)-min(Energytx2)); 
%    smaxamp1=(max(sxangle1)-min(sxangle1))/2; 
%    smean1=(max(sxangle1)+min(sxangle1))/2; 
%    tmaxamp1=(max(txangle1)-min(txangle1))/2; 
%    tmean1=(max(txangle1)+min(txangle1))/2; 
%    sampmem1=smaxamp1; 
%    smeanmem1=sm/2+sm/2*cos(2*angcri1); 
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%    tampmem1=tmaxamp1; 
%    tmeanmem1=tmean1; 
%    smaxamp2=(max(sxangle2)-min(sxangle2))/2; 
%    smean2=(max(sxangle2)+min(sxangle2))/2; 
%    tmaxamp2=(max(txangle2)-min(txangle2))/2; 
%    tmean2=(max(txangle2)+min(txangle2))/2; 
%    sampmem2=smaxamp2; 
%    smeanmem2=sm/2+sm/2*cos(2*angcri1); 
%    tampmem2=tmaxamp2; 
%    tmeanmem2=tmean2; 
% %     Strain=smaxamp1; 
%    Stresssmaxamp1=Stresssa/2+Stresssa/2*cos(2*angcri1)+Stressta*sin(2*angcri1); 
% %     Strain=smaxamp2; 
%    Stresssmaxamp2=Stresssa/2+Stresssa/2*cos(2*angcri2)+Stressta*sin(2*angcri2); 
% %     Strain=tmaxamp1; 
%    Stresstmaxamp1=-Stresssa/2*sin(2*angcri1)+Stressta*cos(2*angcri1); 
% %     Strain=tmaxamp2; 
%    Stresstmaxamp2=-Stresssa/2*sin(2*angcri2)+Stressta*cos(2*angcri2); 
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   if s<2 
%    Seq1=(abs(smaxamp1*Stresssmaxamp1)+abs(tmaxamp1*Stresstmaxamp1)/s)/B/2; 
%    Seq2=(abs(smaxamp2*Stresssmaxamp2)+abs(tmaxamp2*Stresstmaxamp2)/s)/B/2; 
   Seq1=(Energysmaxamp1+Energytmaxamp1/s)/B; 
   Seq2=(Energysmaxamp2+Energytmaxamp2/s)/B; 
   else 
%    
Seq1=(abs(smaxamp1*Stresssmaxamp1)+abs(tmaxamp1*Stresstmaxamp1)/s+A*sahydro
*Stresssahydro)/B/2; 
%    
Seq2=(abs(smaxamp2*Stresssmaxamp2)+abs(tmaxamp2*Stresstmaxamp2)/s+A*sahydro
*Stresssahydro)/B/2; 
   Seq1=(Energysmaxamp1+Energytmaxamp1/s+A*sahydro*Stresssahydro/2)/B; 
   Seq2=(Energysmaxamp2+Energytmaxamp2/s+A*sahydro*Stresssahydro/2)/B; 
   end 
   if Seq1>Seq2 
%           sampmem=sampmem1; 
%           smeanmem=smeanmem1; 
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%           tampmem=tampmem1; 
%           tmeanmem=tmeanmem1; 
          angcri=angcri1; 
          Seq=Seq1; 
   else 
%           sampmem=sampmem2; 
%           smeanmem=smeanmem2; 
%           tampmem=tampmem2; 
%           tmeanmem=tmeanmem2;   
          angcri=angcri2; 
          Seq=Seq2; 
   end 
   %include the extra hadrdening 
%    if abs(phy)>0.0 
%    if Seq>0.002 
%        phyeq=phy/pi*2; 
%        Seq=(1+(0.55+0.45*cos(pi*(s-1)))*pi/4*phyeq)*Seq; 
%        %Seq=(1+0.15*phyeq)*Seq; 
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%    end 
%    end 
   %calculate the fatigue life 
   itsum=itsum+1; 
   Flife(itsum)=10^((log10(Seq)-log10(Faxial))/(Baxial)); 
   EnergyTenlimit(itsum)=Faxial*(Flife(itsum))^(Baxial); 
%     Strain=Tenlimit(itsum); 
%     StressTenlimit(itsum)=fsolve(@osgood3,1500); 
   EnergyTorlimit(itsum)=Ftor*(Flife(itsum))^(Btor); 
%    Strain=Torlimit(itsum); 
%    StressTorlimit(itsum)=fsolve(@osgood111,1500); 
   %Epr=matpro(6,1)*Flife(itsum)+matpro(6,2); 
   Lifediff=abs((Flife(itsum)-Flife(itsum-1))/Flife(itsum)); 
                   if itsum>10 || abs(Lifediff)<0.0001 
                       itcond=0.0; 
                   end 
          end    
Fatipre(j,1)=sampmem; 
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Fatipre(j,2)=tampmem; 
Fatipre(j,3)=smeanmem; 
Fatipre(j,4)=Seq; 
Fatipre(j,5)=angmem*180/pi; 
Fatipre(j,6)=alf*180/pi; 
Fatipre(j,7)=B; 
Fatipre(j,8)=Epr; 
Fatipre(j,9)=Flife(itsum); 
Fatipre(j,10)=s; 
Fatipre(j,11)=itsum; 
Fatipre(j,12)=Stresssa; 
Fatipre(j,13)=Stressta; 
%amonplane(j,5)=abs(angmem-2*pi)*180/pi; 
%amonplane(j,6)=abs(angcri-2*pi)*180/pi; 
end 
